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SUMMARY

In this thesis we consider some combinatorial problems in graph drawing and knowledge
representation.
We begin with the problem of extending the Hanani-Tutte Theorem to the projective plane.
A graph is planar if and only if it can be drawn on the plane so that every pair of nonadjacent edges cross an even number of times. (Hanani-Tutte theorem [16; 43].)
Of course, necessity is trivial since any planar drawing of a graph G satisfies the conclusion.
The surprising part of the theorem is that it is enough to find a drawing of G where no pair of
independent edges crosses an odd number of times, to conclude that there is a planar drawing
of the graph.
A weaker version of this theorem requires all adjacent pairs of edges to cross evenly as well
as non-adjacent ones. This weaker version of the Hanani-Tutte theorem has been shown to hold
on all orientable sufaces by Cairns and Nikolayevsky [15]. Later, an elementary proof which
also extends to non-orientable surfaces was given by Pelsmajer, Schaefer, and Štefankovič [38].
In Chapter 2 we show that the strong version of the Hanani-Tutte theorem holds for the
projective plane. Namely we show that:
If a graph G can be drawn in the projective plane so that every two non-adjacent edges cross
evenly, then G can be embedded in the projective plane.
By Archdeacon, Glover, Huneke, and Wang [4; 22] any non-projective planar graph G must
contain one of 35 minimal forbidden minors for the projective plane. The proof of the strong
ix

SUMMARY (Continued)
Hanani-Tutte theorem on the projective plane relies on proving that for any drawing of any of
the 35 minors on the projective plane, there must be a pair of non-adjacent edges that cross an
odd number of times.

For our second problem we consider the property that in a random definite Horn formula of
size-3 clauses over n variables, where every such clause is included with probability p, there is a
pair of variables for which forward chaining produces all other variables. We show that a.a.s. the
property does not hold for p ≤ 1/(11n ln n), and a.a.s. it does hold for p ≥ (5 ln ln n)/(n ln n).
We study random definite Horn formulas using the language of random uniform directed
hypergraphs, a generalization of Erdős-Rényi random graphs. We construct a random directed
3-uniform hypergraph H over n vertices by including every hyperarc u, v → w with probability
p, where p is a function of n. The (u, v)-propagation component is the closure of the pair (u, v)
under forward chaining: starting from the pair u, v, and while there exists a hyperarc x, y → z
in H such that x and y are both in the (u, v)-propagation component, and z is not, add z to
the (u, v)-propagation component. A hypergraph H is propagation connected if for some pair
(u, v), the (u, v)-propagation component includes all vertices.
The related property that every (u, v)-propagation component in a random 3-uniform directed hypergraph contains all vertices has a threshold function p = 2 ln n/n [31]. The property of propagation connectivity was introduced for undirected hypergraphs by Berke and
Onsjö, who were motivated by a certain type of constraint satisfaction problems [8]. They
showed that a.a.s. an undirected random 3-uniform hypergraph is not propagation connected
for p ≤ 1/(n(log n)2 ), and a.a.s. it is propagation connected for p ≥ 1/(n(log n)0.4 ). This undix

SUMMARY (Continued)
rected case has been improved by Coja-Oghlan, Onsjö and Watanabe to upper and lower bounds
of the order p = 1/n log n [18].
We conclude Chapter 3 with some open problems on propagation connectivity of directed
hypergraphs motivated by definite Horn formulas.

Finally we consider two problems in Horn minimization. Horn minimization is concerned
with finding among all equivalent Horn formulas, a Horn formula with the minimum number
of clauses. Horn minimization is NP-Complete [6], and cannot be approximated in polynomial
time within a factor of 2log

O(1−o(1))

n

unless P=NP [11; 14]. However there exists an (n − 1)-

approximation algorithm for minimizing Horn formulas on n variables [25].
We begin Chapter 4 by briefly considering the problem of Steiner minimization introduced
by Bhattacharya, DasGupta, Mubayi and Turán [11], where we are allowed to add new variables
in a restricted way to find the smallest Horn formula ψ that is “equivalent” in a general sense
to a given Horn formula ϕ, in that ψ implies a clause C over the original set of variables if and
only if ϕ implies C. Steiner minimization is MAX-SNP-hard. We update slightly an efficient
O(n log log n/(log n)1/4 ) approximation algorithm of [11] and its analysis to show that Steiner
minimization can be efficiently approximated within a factor of O(n/ log n).
A significant step in the Steiner minimization approximation algorithm involves minimizing
the given Horn formula with respect to the number of distinct bodies it contains. Since this
problem can be solved efficiently [3; 5; 23; 32], it provides a useful approach to Horn minimization. The following question can then be raised: given a Horn formula ϕ, and a set of distinct
bodies what is the smallest Horn formula equivalent to ϕ?
xi

SUMMARY (Continued)
This question brings us to the main focus of the Chapter 4: hydra formulas and hydra
numbers. We define a hydra formula to be a definite Horn formula of size 3-clauses on n
variables, possessing the property that the forward chaining procedure starting from any body
of the hydra formula, produces all n variables. For the remainder of Chapter 4 we are interested
in minimizing hydra formulas. In other words, we are interested in finding the minimum number
of clauses in a Horn formula equivalent to a given hydra formula. This number depends entirely
on the set of bodies that appear in the hydra formula, and as such it is really a parameter of
the graph formed by the bodies of the hydra.
With this in mind, we define the hydra number of a graph, h(G), to be the minimum number
of clauses in any hydra formula with a specific set of bodies. Clearly h(G) must be at least
equal to the number of edges of the graph. In the case where equality holds we call the graph
single-headed. It is not hard to see that hamiltonian graphs are single-headed. In fact, we show
that a more general sufficient condition for single-headedness is the hamiltonicity of the line
graph of one of its spanning subgraphs. On the other hand, this is not a necessary condition
for single-headedness. On the contrary, we construct a family of single-headed graphs such that
every spanning subgraph has a line graph with a large path cover number.
We proceed to give bounds for the hydra number. We show by construction that the hydra
number of a graph is at most equal to the path cover number of the line graph of its spanning
subgraphs, where neither the graph nor the subgraphs are allowed isolated vertices. On the
other hand, the quantity `(G), which counts the number of degree-2 vertices neighboring a
degree-1 vertex in the graph G, gives a lower bound for h(G).
xii

SUMMARY (Continued)
The remainder of Chapter 4, investigates the hydra number of trees. We show that the
only trees that are single-headed are stars, and the only trees with hydra number |E(G)| + 1
are caterpillars. We use the two results in the previous paragraph, to give close bounds for the
hydra number of a complete binary tree, namely

9
8

|E (G)| ≤ h(G) ≤

17
15 |E

(G) | + 1. The two

bounds coincide to give an exact answer for the hydra number of a spider tree T , specifically
h(T ) = |E(T )| + `(T ).
Spiders prove to be a useful family of trees for two more reasons. Firstly the construction of a
family of spiders Tk is an example demonstrating the existence of graphs for which optimal hydra
formulas require a high-in-degree variable, and where limiting the in-degree of the variables to
a constant can double the number of clauses in excess of |E(Tk )| required in such a formula.
Secondly the hydra number of Tk is the maximum possible (as a function of |V (G)|) hydra
number over all trees.
Finally we present a result on a problem that is related to hydra minimization, which asks
for the minimum number of clauses in a Horn formula of size 3-clauses such that, for a fixed
integer k, every k-tuple of the variables implies, through forward chaining, all other variables.
We conclude the chapter with some open problems on hydra formulas.

xiii

CHAPTER 1

INTRODUCTION

Combinatorics is the study of discrete mathematical objects, including enumerating objects
satisfying a certain property and finding minimal or maximal, or, in some sense optimal objects satisfying a property. Combinatorial problems arise in many areas of mathematics and
the field is tightly intertwined with theoretical computer science. In this thesis, we consider
combinatorial problems and applications in graph drawing and knowledge representation.
We begin with a graph drawing problem. By graph drawing we mean the field of graph
theory concerned with the geometric representation of a graph. One of the basic questions in
graph drawing involves determining the crossing number of a graph, the minimum number of
edge crossings in any drawing of a graph in the plane. An assertion that the crossing number
of a graph is zero is equivalent to an assertion that the graph is planar. Crossing numbers have
been defined for drawings satisfying specific restrictions, for example, requiring the edges to be
drawn as straight line segments. One may also only count the number of pairs of independent
edges that cross, or the number of pairs of independent edges that cross an odd number of
times. Such questions can also be posed for surfaces other than the plane. In Chapter 2 we
show that graphs that can be embedded in the projective plane have independent odd crossing
number equal to zero.
Knowledge representation is the field of artificial intelligence concerned with how an intelligent agent uses formal symbols to accurately and efficiently represent and reason about
1

2

sets of facts and rules. For our purposes we envision a knowledge base consisting of rules and
facts represented by Horn formulas, where reasoning is performed through resolution, and more
specifically the forward chaining procedure.
In Chapter 3 we consider a problem motivated by a knowledge base consisting of Horn
clauses of size 3 over n variables, selected uniformly at random. We consider the existence of
a threshold for the property that some pair of variables implies through forward chaining all n
variables.
As there are many equivalent Horn formulas to encode the knowledge of an agent, it is
extremely useful to pick the shortest representation, a problem called Horn minimization. In
Chapter 4 we study two problems in Horn minimization. Firstly we consider the problem of
approximating the smallest Horn formula using new variables, that can be considered as internal
to the knowledge base. Secondly we study the size of smallest hydra formulas, a subclass of
definite Horn formulas.

CHAPTER 2

STRONG HANANI-TUTTE ON THE PROJECTIVE PLANE

This chapter is based on joint work with Michael J. Pelsmajer of Illinois Institute of Technology and Marcus Schaefer of DePaul University published in [36].
2.1

Introduction
In the plane there is a beautiful characterization of planar graphs known as the Hanani-

Tutte theorem: a graph is planar if and only if it can be drawn in the plane so that every two
non-adjacent edges cross an even number of times. Equivalently, any drawing of a non-planar
graph in the plane must contain two non-adjacent edges that cross oddly.
There are several proofs of the Hanani-Tutte theorem, including the original 1934 proof by
Hanani [16] and the 1970 proof by Tutte [43] (see [37] for more references). Our goal in the
current chapter is to show that the result remains true in the projective plane.1
Theorem 2.1.1. If a graph G can be drawn in the projective plane so that every two nonadjacent edges cross evenly, then G can be embedded in the projective plane.
This is not the first result that indicates that the Hanani-Tutte theorem is not a special
property of the plane. Using homology theory, Cairns and Nikolayevsky [15] showed that if a
graph can be drawn on an orientable surface so that every pair of edges (not just non-adjacent

1

A sphere with a crosscap. We assume that the reader is familiar with the basic terminology of
drawings and embeddings in surfaces. For background see [34; 20].

3

4

ones) crosses an even number of times, then the graph can be embedded in that surface.
Pelsmajer, Schaefer, and Štefankovič [38] gave a new, elementary proof of this weak HananiTutte theorem that also establishes the result for non-orientable surfaces. Theorem 2.1.1 is
the first time the strong version of the Hanani-Tutte theorem has been established for any
higher-order surface.
There is an alternative view of the Hanani-Tutte theorem in terms of crossing numbers.
The crossing number of a graph G, denoted by crS (G), is the minimum number of crossings in
any drawing of G in surface S. Hence a graph G is embeddable in S if and only if crS (G) = 0.
The odd crossing number of G, denoted by ocrS (G), is the minimum number of pairs of edges
that cross oddly in any drawing of G in surface S. The independent odd crossing number of
G, iocrS (G), is the minimum number of pairs of non-adjacent edges that cross oddly in any
drawing of G in surface S.
The strong Hanani-Tutte theorem can now simply be stated as “iocr(G) = 0 implies cr(G) =
0” and Theorem 2.1.1 becomes “iocrN1 (G) = 0 implies crN1 (G) = 0” using N1 as a symbol for
the projective plane. The weak Hanani-Tutte theorem in this notation reads “ocrS (G) = 0
implies crS (G) = 0” and is true for all surfaces S as we mentioned above. The crossing number
point of view emphasizes the algebraic nature of the Hanani-Tutte theorem as argued by van
der Holst in [44].
Our proof of the strong Hanani-Tutte theorem for the projective plane uses techniques
developed for the Hanani-Tutte theorem and related results in the plane and higher-order
surfaces by Pelsmajer, Schaefer and Štefankovič [37; 38] and combines them with ideas from

5

Mohar and Robertson on embeddings in the projective plane [33]; see Section 2.2. The proof
will not naturally extend to any surface other than the projective plane, since it makes use of
the list of minimal forbidden minors for the projective plane.
2.2

From Embeddings to Drawings
In this section we develop the necessary tools to deal with drawings in the projective plane.

Some of these tools are extensions of well-known results for embeddings. All of them will play
an important role in the proof of the strong Hanani-Tutte theorem for the projective plane.
2.2.1

Basic Observations and Redrawing Tools

Recall that a closed curve is contractible if it can be contracted to a point. In the projective
plane a closed curve is contractible if and only if it passes through the crosscap an even number
of times.

1

Lemma 2.2.1. Suppose that a graph drawn in the projective plane contains two vertices connected by three internally disjoint paths. Of the three cycles formed by pairs of paths, exactly
one or exactly three are contractible.
Proof. Let P1 , P2 , P3 be the three paths. Call a path even (odd) if it passes through the
crosscap an even (odd) number of times. Then a cycle is contractible if and only if it is formed
by two paths of the same parity. By the pigeonhole principle, exactly two or three of the paths
have the same parity. The lemma follows.

1
Any one-sided (or non-contractible) curve can serve as the crosscap. “Passing through the crosscap”
means crossing that curve.

6

Lemma 2.2.1 is based on [34, Proposition 4.3.1].
For convenience, we say that a particular drawing of a graph is iocr-0 if no pair of nonadjacent edges crosses an odd number of times.
Lemma 2.2.2. If a graph G drawn on the projective plane contains two vertex-disjoint noncontractible cycles, then the drawing is not iocr-0.
Proof. In the projective plane any two non-contractible curves cross an odd number of times.1
Therefore there must exist two edges in G, one in each of the two cycles, that cross oddly.
These must be non-adjacent, as they belong to vertex-disjoint cycles, so the given drawing of
G is not iocr-0.
We will occasionally apply redrawing moves that lead to self-intersections of edges. These
can be removed as shown in Figure 1.

⇒

Figure 1. Removing a self-intersection; illustration from [37].

1

Letting the first curve serve as the crosscap, we know that the other curve must pass through the
crosscap an odd number of times since it is non-contractible.

7

A ∆Y -exchange in G is a process that replaces a triangle in a drawing of G with a claw (a
K1,3 ). The three vertices of the triangle become the leaves of the claw.
Lemma 2.2.3. Let G be a graph with iocrN1 (G) > 0, and suppose G0 can be obtained from G
by a ∆Y -exchange. Then iocrN1 (G0 ) > 0.
Proof. Consider an iocr-0 drawing of G0 . Let e1 , e2 and e3 be the three edges of the claw.
Draw a new edge f1 by closely following e1 and e2 ; similarly add f2 following e2 , e3 and f3
following e3 , e1 . Remove any self-intersections as shown in Figure 1. If f1 crosses an edge e
of G0 − {e1 , e2 , e3 } oddly, then e must cross either e1 or e2 oddly; hence e is incident to f1 .
Similarly f2 and f3 only cross adjacent edges oddly. Removing e1 , e2 , e3 now yields an iocr-0
drawing of G, which implies that iocrN1 (G) = 0.
The following lemma shows, roughly speaking, that for an iocr-0 drawing it is not a single
vertex that makes the difference between planarity and non-planarity.
Lemma 2.2.4. Let x ∈ V (G) and H = G − x. Suppose there is an iocr-0 drawing of G in the
projective plane such that all cycles in H are contractible. Then G is planar.
Proof. Consider the specified drawing of G in the projective plane.
Claim: We can redraw G so that each edge of H passes through the crosscap an even number
of times, and the drawing is still iocr-0.
Let F be a spanning forest of H and select a root in every component of F . Process the
edges of F in a breadth-first order as follows: suppose uv is an edge of F so that u is closer to the
root of uv’s component than v. Start contracting uv by moving v along uv towards u, pushing

8

all crossings along with it; stop when uv passes through the crosscap an even number of times.
Call uv processed. Note that this move does not change the parity of how often any processed
edge of F other than uv passes through the crosscap, since the only edges whose parity is
changed by the contraction are edges incident to v, and none of those can have been processed
already. At the end, every edge of F passes through the crosscap an even number of times.
Every edge in E(H) − E(F ) also uses the crosscap evenly, since it completes a contractible cycle
with some edges in F .
We now remove the crosscap and replace it with a disk. We reconnect severed edges by
simple curves within the newly added disk.
Any two such curves within the disk have to cross oddly, since their crossings with the disk
boundary alternate. Since each edge of H passes through the disk an even number of times, its
crossing parity with every other edge does not change. Hence, any two edges whose crossing
parity changes must be incident to x, which means that the independent odd crossing number
is not affected by replacing the crosscap with a disk. We have thus obtained an iocr-0 drawing
of G in the sphere (and, thereby, the plane), which implies that the graph is planar by the
Hanani-Tutte theorem for the plane.
2.2.2

K-graphs and iocr

Let H be a subgraph of a graph G. An H-component or H-bridge is either an edge (and its
endpoints) that does not belong to H but both of whose endpoints do, or a connected component
of G − V (H) together with all edges (and their endpoints) connecting this component to H.

9

H is a K4 -graph of G if it is a subdivision of K4 , and there is an H-component that is
attached to all the vertices of degree 3 in H. H is a K2,3 -graph of G if it consists of three
internally disjoint paths connecting two vertices, x and y, and there is an H-component that
contains at least one internal vertex of each of the three paths. A K-graph is either a K4 -graph
or a K2,3 -graph.
The following result is a well-known fact for embeddings (see [33, p326]). We relax the
assumption that G is embedded to allow crossings, but control the crossings by requiring
iocrN1 (G) = 0.
Lemma 2.2.5. Let G be a graph containing a K-graph. Then every iocr-0 drawing of G in the
projective plane contains two non-contractible cycles in the K-graph.
Proof. Fix an iocr-0 drawing of G in the projective plane; let H be the K-graph within G. Note
that if a K-graph contains one non-contractible cycle, then it must contain two by Lemma 2.2.1.
Hence, for a contradiction, we may assume that all the cycles in H are contractible.
Suppose first that H is a subdivision of a K2,3 . Then H is the union of three internally
disjoint paths P1 , P2 , P3 that have the same endpoints x and y, and there is an H-component
B containing an internal vertex of each path. Consider three edges from these vertices of H to
V (B) − V (H), and let T be a minimal tree in B that contains those edges. Then T has three
leaves, so it must contain a unique vertex z of degree 3. Let G0 = H ∪ T . By construction,
G0 is a subdivision of K3,3 . The drawing of G yields an iocr-0 drawing of G0 . All the cycles in
G0 − z are cycles in H, which are contractible by assumption. Applying Lemma 2.2.4 implies
that G0 is planar, which is a contradiction.

10

If H is a subdivision of a K4 , let S be the set of its 4 vertices of degree 3 and let B be an
H-component that contains S. As above, there is a tree T in B such that the set of its leaves
is S. Since T has four leaves it either has a unique vertex of degree 4 or two vertices of degree
3. Let G0 = H ∪ T . Since G0 contains a K5 -minor it is not planar. If T contains a vertex z of
degree 4 we proceed as in the case of K2,3 : the cycles in G0 − z are cycles in H and therefore
contractible, but then Lemma 2.2.4 implies that G0 is planar, which is a contradiction. If T
contains two vertices u, v of degree 3, let Q be the path between u and v in T . Let uw be
the first edge in the path (possibly w = v). Contract uw by moving u along uw to w and
then identifying u and w. As we contract, we may create odd crossings and self-intersections.
Only drawings of edges incident to u may contain self-intersections; remove them as shown in
Figure 1. Any new odd crossing will be between an edge e1 that was incident to u before the
contraction, and an edge e2 that had crossed uw oddly. But e2 must have been incident to
either u or w, since the drawing was iocr-0. After contraction both edges are incident to u = w,
so the drawing is still iocr-0. In this fashion we can contract all the edges along the path Q
until we have a single vertex of degree 4, with the drawing of H unchanged. Then we are back
in the first case, which suffices.
Apart from applying Lemma 2.2.5 directly, we will also use it in the following variant.
Corollary 2.2.6. If a graph G contains two disjoint K-graphs, then iocrN1 (G) > 0.
Proof. Assume iocrN1 (G) = 0. Applying Lemma 2.2.5 twice gives us two vertex-disjoint noncontractible cycles, which contradicts Lemma 2.2.2.

11

2.3

Proof of the Main Theorem
If G cannot be embedded in the projective plane, then it must contain at least one of 35

minimal forbidden minors for the projective plane determined by Archdeacon, Glover, Huneke,
and Wang [4; 22]. For a complete list of minimal forbidden minors and their names see [33]1
or [34, p198]. We show that all these graphs have independent odd crossing number larger than
zero. This establishes Theorem 2.1.1 since from an iocr-0 drawing of a graph, one can easily
obtain an iocr-0 drawing of any minor of the graph.2
The first twelve graphs are formed from two Kuratowski graphs by a disjoint union, a onevertex identification, or a two-vertex identification and possibly deleting an edge between these
vertices. It is easy to see that each contains two disjoint K-graphs. By Corollary 2.2.6 the
independent odd crossing number of each of these twelve graphs is nonzero.
Of the remaining 23 minimal forbidden minors, C7 , E19 , D12 , E11 , E27 , D9 , G1 [33, Fig. 3]
and D17 , E20 , F4 [33, Fig. 6] also contain two disjoint K-graphs, as observed in [33]. Again, by
Corollary 2.2.6, the independent odd crossing number is nonzero for all of these graphs.
It is also known that each graph B7 , C4 , C3 , D2 and E2 [33, Fig. 6] can be obtained from
graph A2 through a sequence of ∆Y -exchanges, and the graph E5 can be obtained from the
graph D3 in the same way [33]. By Lemma 2.2.3 we need only show that iocrN1 (D3 ) > 0 and
iocrN1 (A2 ) > 0 to prove a nonzero independent odd crossing number for all of these graphs.

1

2

All references to [33] in this section are to the proof of Theorem 3.1 in that paper.

We already used this in the proof of Lemma 2.2.5. This fact also underlies almost all proofs of the
strong Hanani-Tutte theorem.
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Thus we are left with seven graphs, E22 , A2 , D3 , F1 , B1 , E18 , and E3 . For each we will
assume an iocr-0 drawing in the projective plane, then find a contradiction.
Consider E22 , letting x be its unique degree 4 vertex as seen in Figure 2. Every 4-cycle not
containing x is disjoint from a K2,3 -graph, so it must be contractible, by Lemma 2.2.2. For any
two 4-cycles that share exactly one edge, their symmetric difference forms a 6-cycle, and by
Lemma 2.2.1 this 6-cycle is contractible. Any other cycle in E22 − x is the symmetric difference
of one of those 6-cycles C and a 4-cycle C 0 , such that C ∩ C 0 is a path; it is also contractible
by Lemma 2.2.1. Then Lemma 2.2.4 gives a planar drawing of E22 , a contradiction.
We deal with A2 by a similar argument. Let x be the unique degree 6 vertex in A2 (see
Figure 2). Any triangle not containing x is disjoint from a K4 -graph and is therefore contractible (Lemma 2.2.2). Suppose that C is a minimal non-contractible cycle in A2 − x. If C is
not an induced cycle, then Lemma 2.2.1 yields a shorter non-contractible cycle, contradicting
minimality. If C is an induced cycle, then C is a 4-cycle and there is a vertex y 6= x adjacent
to every vertex of C. Let u and v be a pair of non-adjacent vertices in C. The union of either
u, v-path in C and the path uyv forms a 4-cycle that is not induced, so it is contractible. Then
C is contractible as well by Lemma 2.2.1, a contradiction. Hence, every cycle in A2 − x is
contractible. Then Lemma 2.2.4 gives a planar drawing of A2 , a contradiction.
For graphs F1 and D3 we borrow part of an argument from [33]. The cycles v1 v2 v3 v4
and v1 v2 v3 u1 in F1 (see Figure 3) are each disjoint from a K2,3 -graph, so they must both be
contractible by Lemma 2.2.2. But the vertices v1 , v2 , v3 , v4 , u1 induce a K2,3 -graph in F1 , and
at most one of its three cycles is contractible, which contradicts Lemma 2.2.5.
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x

x

Figure 2. Vertex x in E22 (left) and in A2 (right); illustration from [36].

For D3 we apply the same argument to its cycles v1 v3 v2 x and v1 v3 v2 y (see Figure 3): Each
is disjoint from a K4 -graph so both are contractible (Lemma 2.2.2). But there is a K2,3 graph on vertices v1 , v2 , v3 , x, y, and at most one of its cycles is non-contractible, contradicting
Lemma 2.2.5.
Next consider B1 . Any triangle containing exactly one of the vertices x, y, z is contractible
since it is disjoint from a K4 -graph. Then by Lemma 2.2.1, the 4-cycles xu1 yu2 , xu1 zu2 , yu1 zu2
are all contractible. But these are all the cycles in the K2,3 -graph on vertices {x, y, z}, {u1 , u2 },
which contradicts Lemma 2.2.5.
For the two remaining graphs we employ counting arguments. First consider E18 , which is
K4,4 with one edge removed (see Figure 4). Let {u1 , u2 , u3 , u4 }, {v1 , v2 , v3 , v4 } be the two partite
sets and let u4 v4 be the missing edge. Each of u4 and v4 is contained in 9 induced 4-cycles.
Furthermore, for each 4-cycle containing u4 there is a disjoint 4-cycle containing v4 [33]. Hence,
at least one of the two cycles must be contractible by Corollary 2.2.6. So one of u4 , v4 , say u4 ,

1
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v1

v2

v1

v2

v1

v2

v3
v4
u2

u1

u4

u3

v3
z

x

u5

u1

y

y

x
z

u2

u1

u2

Figure 3. F1 , D3 and B1 (left to right) with labels; illustration from [36].

belongs to at most 4 non-contractible cycles. But {u4 , vi , vj , ui , uj } induces a K2,3 -graph for
each distinct pair i, j in {1, 2, 3}, and by Lemma 2.2.5 each one contains two non-contractible
cycles. Since all these cycles are pairwise distinct, there are at least 6 non-contractible 4-cycles
containing u4 , a contradiction.

v4

u1

v1

u2

v2

u3

v3

u4

Figure 4. E18 = K4,4 − u4 v4 ; illustration from [36].

1
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Finally consider E3 , which is K3,5 . Let A, B be the two partite sets, with |A| = 5. By
Lemma 2.2.5, for all {a1 , a2 , a3 } ⊂ A, {b1 , b2 } ⊂ B, exactly one of the three cycles in the K2,3
induced by these 5 vertices is contractible. There are 30 possible choices of subsets of A and B
as above, and every 4-cycle is present in 3 of the resulting subgraphs. Thus there are exactly
10 contractible 4-cycles in the given drawing of K3,5 . Some pair of vertices of B is shared by at
least 4 of them, and two of these 4-cycles must also share a vertex of A. The union of these two
4-cycles is a K2,3 -graph, but by Lemma 2.2.5, the K2,3 -graph contains only one contractible
cycle, a contradiction.
This concludes this chapter, as well as the part of the thesis concerned with graph drawing.
The rest of the thesis concerns combinatorial questions in expressions in knowledge representation called Horn formulas.

CHAPTER 3

RANDOM HORN FORMULAS AND PROPAGATION CONNECTIVITY
FOR DIRECTED HYPERGRAPHS

This chapter is based on joint work with Robert H. Sloan and György Turán at the University of Illinois at Chicago [41].
3.1

Introduction
Horn formulas are a subclass of CNF expressions, where every clause contains at most

one unnegated variable. This class is tractable in the sense that many problems that are
hard for CNF expressions in general are polynomially solvable for Horn formulas (such as
satisfiability and equivalence). It is partly for this reason that Horn formulas are of basic
importance in artificial intelligence and other areas. Random Horn formulas have been studied
in [21; 19; 27; 31; 35].
A Horn formula is definite if it consists of clauses containing exactly one unnegated variable.
We consider definite Horn formulas with clauses of size 3, i.e., with clauses of the form (ā∨ b̄∨c),
which can also be written as a, b → c. Here a and b form the body of the clause and c is the head
of the clause. Implication between a definite Horn formula ϕ and a definite Horn clause C can
be decided by forward chaining: mark variables in the body of C and, while there is a clause
in ϕ with all its body variables marked, mark its head variable as well. Then C is implied by
ϕ iff its head gets marked.
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We consider random definite Horn formulas with clauses of size 3 over n variables, where
every clause is included with probability p. It follows directly from the results of [31] that
p = (2 ln n)/n is a threshold probability for the following property: every pair of variables
implies every other variable (see also [21] for a related result).
In this chapter we consider the property that some pair of variables implies every other
variable. This property is closely related to the property of propagation connectivity for 3uniform undirected hypergraphs, introduced recently by Berke and Onsjö [8]. They consider
a marking process like forward chaining, except that now a vertex can be marked if it is
contained in an edge whose other two vertices are already marked. A 3-uniform undirected
hypergraph is propagation connected if there is a pair of vertices such that the marking process,
starting from that pair, marks every vertex. Berke and Onsjö showed that for p < 1/(n(log n)2 )
random hypergraphs are a.a.s. not propagation connected [8] and for p > 1/(n(log n)0.4 ) random
hypergraphs are a.a.s. propagation connected [9]. The first result proves a lower bound for
the transition from random hypergraphs being a.a.s. not propagation connected to random
hypergraphs being a.a.s. propagation connected, and the second result proves an upper bound
for the transition. We use the terms lower and upper bound in a similar sense throughout the
chapter.
The Horn formula property mentioned above is equivalent to propagation connectivity for
directed 3-uniform hypergraphs, where by a directed hypergraph we mean a hypergraph with
each edge having a distinguished vertex called its head, and the other vertices called its body.
(This is one of the possible definitions of a directed hypergraph. There are several other vari-
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ants.) In the rest of the chapter we use the terminology of propagation connectivity for directed
hypergraphs instead of Horn formulas. We show that random directed 3-uniform hypergraphs
for p ≤ 1/(11n ln n) are a.a.s. not propagation connected and for p ≥ (5 ln ln n)/(n ln n) are
a.a.s. propagation connected. The proofs are based on two versions of the “fanning-out process” (see, e.g., [29; 28]). For the upper bound we start the process by exploring a subset of
the vertices and finding a maximal degree pair within that subset.
For the undirected hypergraph version of the problem, Coja-Oghlan, Onsjö and Watanabe
concurrently and independently proved lower and upper bounds, both of the order 1/(n ln n) [18].
It appears that their argument can be adapted to yield order 1/(n ln n) lower and upper bounds
in the directed case as well. The proofs we present here are simpler.
The lower and upper bounds are presented in Section 3 and 4. In the closing section we
mention a few open problems.
3.2

Preliminaries
We consider 3-uniform directed hypergraphs H with directed edges of the form u, v → w.

The pair (u, v) is the body of the edge and w is the head of the edge. Note that the body is
an unordered pair. The degree of a pair (u, v) is the number of vertices w that form an edge
u, v → w with the pair. We refer to vertex w as a successor of (u, v). The (u, v)-propagation
connected component (or simply (u, v)-component) of H is the set of vertices marked by the
marking process starting with (u, v).
The probability model where a random directed hypergraph is formed over the vertex set
[n] = {1, . . . , n} by including each edge u, v → w independently with probability p is denoted
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by DH(n, p). A property Q of directed hypergraphs of order n is a subset of DH(n, p) s.t. if
H ∈ Q and G is isomorphic to H then G ∈ Q. Q is monotone increasing if adding an edge to
H ∈ Q preserves the property. For any monotone increasing property of directed hypergraphs
the probability that the property holds for a random directed hypergraph drawn from DH(n, p)
is a monotone non-decreasing function of p (see [12, Th.2.1]).
Proposition 3.2.1. [12, pp36] Suppose that Q is a monotone increasing property, let 0 ≤ p1 <
p2 ≤ 1 and Hi ∈ H(n, pi ) for i = 1, 2. Then

Pr[H1 ∈ Q] ≤ Pr[H2 ∈ Q].

We use the following versions of the Chernoff bounds [28].
Proposition 3.2.2. If X ∈ BIN(n, p) and t ≥ 0 then


t2
,
(a) Pr[X ≥ E[X] + t] ≤ exp − 2 E[X]+ t
(
3)
n
o
t2
(b) Pr[X ≤ E[X] − t] ≤ exp − 2E[X]
.
3.3

A lower bound
We first give a lower bound for probabilities p such that a random directed hypergraph from

DH(n, p) is a.a.s. propagation connected.
Theorem 3.3.1. Let p ≤ 1/(11n ln n). In a random directed hypergraph drawn from DH(n, p)
a.a.s. every propagation connected component has size at most 11 ln n.
Proof. By monotonicity we may assume p = 1/(11n ln n).The following process is used to
explore H ∈ DH(n, p). Start with two sets A0 = {u, v} and B0 = ∅. The sets Ai and Bi
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represent the sets of discovered vertices and saturated pairs at iteration i respectively, and put
mi = |Ai |. At iteration i of the process consider vertices ui and vi such that ui , vi ∈ Ai−1 and
(ui , vi ) 6∈ Bi−1 . Find every edge ui , vi → w where w 6∈ Ai−1 . Construct the set Ai so that
it contains all vertices in set Ai−1 plus all vertices w, where w is the head of an edge that
was found in step i. Construct the set Bi by Bi = Bi−1 ∪ {(ui , vi )}. When every pair in Ai
is saturated, we have discovered all the vertices in the component, and from then on we put
Aj = Ai , Bj = Bi for every j > i.
We need to show that this process stabilizes after a small number of steps with high probability. Define Xi to be the number of successors, in V rAi−1 , of the pair (ui , vi ) to be saturated.
Each edge with body (ui , vi ) and head in V r Ai−1 is in the hypergraph with probability p,
independently of the presence or absence of any other edge. Furthermore each such edge is
considered at most once in the process. Thus Xi ∈ BIN(n − mi−1 , p).
Let k = d11 ln ne. If the process generates at least k vertices then this must happen in the
first

k−1
2



iterations. Thus the probability of generating at least k vertices is at most
 k−1

(X
2 )


Pr 
Xi ≥ k − 2 .
i=1

(3.1)
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Let Xi+ ∈ BIN(n, p) and replace the upper limit in the summation (3.1) by
 

P(k2) +
k
venience. Then, noting that
X
∈
BIN
n,
p
and as such has mean
i=1 i
2

k
2


k
2

for con

np, the

probability (3.1) can be upper bounded by
 k

 k

(
)
(
)




2
2
k
k
X +

X +

Pr 
Xi ≥ k − 2 = Pr 
Xi ≥
np + k − 2 −
np .
2
2
i=1

i=1

Using the values of p and k we note that np ∼ 1/k, giving

k
2

Then the Chernoff bound (Proposition 3.2.2(a)) with t = k − 2 −



np ∼ k − 2 −

k
2



k
2



np ∼ k/2.

np gives the upper bound

exp {−(3k)/16} ∼ exp {−(33 ln n)/16} = o(n−2 ),

which implies the theorem by the union bound.
3.4

An upper bound
In this section we give a sufficient condition for probabilities p such that a random directed

hypergraph from DH(n, p) is a.a.s. propagation connected.
Theorem 3.4.1. For p ≥ (5 ln ln n)/(n ln n) a random directed hypergraph from DH(n, p) is
a.a.s. propagation connected.
Proof. The property of being propagation connected is monotone non-decreasing. By monotonicity we may assume p = (5 ln ln n)/(n ln n). We use a modification of the process described
in the previous section. First we consider all edges over the first n/4 vertices and find a highestdegree pair (u, v) in that subset. Starting from the successors of the pair we find a sufficiently
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large part of the rest of the component using a variant of the original process organized into
phases as follows.
Let m = d(ln n)/(ln ln n)e and assume that we found a pair (u, v) with m successors
w1 , . . . , wm among the first n/4 vertices. Let A0 = {w1 , . . . , wm } be the initial set of discovered vertices and let C0 be the (3/4)n vertices not considered so far, forming the initial set
of available vertices. In iteration i of the new process we pick an arbitrary set Di−1 ⊆ Ci−1 of
n/2 available vertices, and we find all edges u, v → w, where u, v ∈ Ai−1 and w ∈ Di−1 . If there
are at least m distinct successors in Di−1 then let Ai be any m of these and put Ci = Ci−1 \ Ai .
Otherwise let Aj = Ai−1 for every j ≥ i. We run this process for d3 ln n ln ln ne iterations.
The following lemma, analogous to bounds for graphs (see [12, Ch.3]), gives a bound for the
maximal degree of a pair in H ∈ DH(n, p). Using monotonicity, this lemma is stated for the
smaller and simpler probability 1/(n ln n).
Lemma 3.4.2. If p = 1/(n ln n), then the maximum degree of H ∈ DH(n, p) is a.a.s. at least
(ln 4n)/(ln ln 4n).
Proof. Let d = d(ln 4n)/(ln ln 4n)e and let the random variable Yij be the number of successors
of pair (i, j) in H. Then Yij ∈ BIN (n − 2, p) and since we are dealing with directed edges, the
variables Yij are independent. Thus the probability that every degree is smaller than d is

n
(1 − Pr [Yij ≥ d])( 2 ) ≤


 n



(n) 
2
n−2 d
1 n − 2 d (2)
n−2−d
p
,
1−
p (1 − p)
< 1−
2
d
d

23

if n is sufficiently large. For the last inequality we used the fact that (1 − p)n−2−d = 1 − o(1).
Using 1 − x < e−x , we need to show that

 pn d
d

n2 → ∞.

This follows by taking logarithms and using the definitions of p and d. Specifically we use
(ln 4n)/(ln ln 4n) ≤ d ≤ (2 ln 4n)/(ln ln 4n) to get
 pn 



ln 4n
ln ln 4n





ln ln 4n
2(ln n)(ln 4n)



+ 2 ln n >
ln
+ 2 ln n

ln 4n
(ln ln ln 4n − ln 2 − ln ln n − ln ln 4n) + 2 ln n
=
ln ln 4n




ln 4n
ln ln n + ln 2
=
ln ln ln 4n − (ln 4n) 1 +
+ 2 ln n
ln ln 4n
ln ln 4n




(ln ln ln 4n − ln 2)
ln ln n
ln ln n
= (ln 4n)
+ (ln n) 1 −
− (ln 4) 1 +
.
ln ln 4n
ln ln 4n
ln ln 4n

d ln

d


(3.2)
(3.3)
(3.4)
(3.5)

We may now conclude that the expression on the right tends to infinity, since the first term
tends to infinity, the second term is positive for any value of n and the third term has a constant
limit.

We also use a version of a lemma of [9] showing that a.a.s. every component is either small
or contains every vertex. This lemma is similar to the gap theorem in [29] and its proof is
included for completeness.
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Lemma 3.4.3 ([9]). If p = (5 ln ln n)/(n ln n) then a.a.s. every propagation connected component has either size n or size less than (ln n)2 .
Proof. If a set of vertices is a propagation connected component then there can be no edges
with body in the component and head outside. Thus the probability that there is a component
of size k is at most
 
k
n
· (1 − p)(2)(n−k) .
k
We show that for (ln n)2 ≤ k ≤ n − 1 this quantity is o(1/n).
If n/2 ≤ k ≤ n − 1 then replacing


As p

ne
n−k
k
2



n−k

n
k



with

n
n−k



gives the upper bound



 


  


k
k
ne
exp −p
(n − k) = exp −(n − k) p
− ln
.
2
2
n−k

= Ω (n ln ln n/ ln n), the probability is upper bounded by exp{−Ω (n ln ln n/ ln n)}.

Else (ln n)2 ≤ k < n/2 and the analogous calculation gives the upper bound



p(k − 1)(n − k)
exp −k ln k +
− (ln n + 1)
.
2


Here n − k can be replaced by n/2 and then substituting the values of p and k we can lower
bound ln k + p(k − 1)(n − k)/2 − (ln n + 1) by

ln n




5 ln ln n
5
− 1 + ln ln n 2 −
− 1 = Ω (ln n ln ln n) .
4
4 ln n


Since k ≥ (ln n)2 we get an upper bound of the form exp{−Ω (ln n)3 }.
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Returning to the proof of Theorem 3.4.1, let us say that we are successful if we find a pair
of degree m among the first n/4 vertices, we can run the iterative process for dln n ln ln ne
iterations, always finding m new vertices, and the event described in Lemma 3.4.3 occurs. In
this case, after the last iteration we found a component of size (ln n)2 , and by Lemma 3.4.3 the
hypergraph is propagation connected.
The number Zi of edges added in the ith iteration has distribution BIN

m n
2 2,p





. Using

the Chernoff bound (Proposition 3.2.2(b)) for the probability that there are fewer than m such
edges we get

(

(E[Zi ] − m)2
Pr [Zi < m] ≤ exp −
2E[Zi ]

)


< exp −

ln n
41 ln ln n


.

(3.6)

The last bound is due to E[Zi ] ∼ m2 np/4 ∼ (5 ln n)/(4 ln ln n) and E[Zi ] − m ∼
(ln n)/(4 ln ln n) which gives
ln n
(E[Zi ] − m)2
∼
.
2E[Zi ]
40 ln ln n
Since we saturate more than one pair in an iteration it is possible that the same vertex is
discovered by more than one edge. The probability of such a conflict is at most



m
2

2



n
· · p2 = O
2



(ln n)2
n(ln ln n)2


.

(3.7)
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If Zi ≥ m and there are no conflicts in iteration i then we found at least m new vertices in
that iteration. Hence, using Lemmas 3.4.2, 3.4.3 and the bounds (3.6) and (3.7), the probability
of failure is

o(1) + O




(ln n)3
ln n
+ exp −
ln n ln ln n = o(1).
n ln ln n
41 ln ln n

In the previous step we use the fact that ((ln n)3 )/(n ln ln n) → 0 and that the logarithm of
the term exp {−(ln n)/(40 ln ln n)} ln n ln ln n is

−

ln n
+ ln ln n + ln ln ln n → −∞.
40 ln ln n

The approach used in this chapter seems to require edge probabilities of the order of magnitude given in Theorem 3.4.1, as the probability should be large enough to produce a sufficient
number of newly discovered vertices, starting from an initial set of size determined by the
maximum degree calculation of Lemma 3.4.2.
3.5

Open Problems
It follows from the result of [31] mentioned in the introduction and Theorem 3.3.1 that

the fraction of pairs (u, v) such that the (u, v)-component has size n grows from 0 to 1 over
the interval between p = Ω (1/(n ln n)) and O (ln n/n). It would be interesting to have more
detailed information about growth over this interval.
Forward chaining can be studied for different ranges of the parameters. For example, [35]
gives phase transition results on forward chaining where the marking process is started from
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a positive fraction of the vertices and p is of the form c/n2 . Forward chaining could be studied beyond just determining the size of the component produced. The process producing a
propagation connected component can also be viewed, using the terminology of propositional
logic, as a resolution derivation of consequences, or using the terminology of directed graphs,
as a hyperpath [7]. Considering combinatorial parameters of the structure of a propagation
connected component, such as its depth, could also be of interest from the point of view of
knowledge base applications.
The Internet and other large networks motivated the study of random graphs in models
different from the standard models of fixed edge probabilities or fixed number of edges. For
evolving knowledge bases, modeled by random Horn formulas, we are not aware of any such
work. A possible choice would be to consider random subformulas of a given formula (corresponding to ‘true’ knowledge). For random graphs such a model has been studied, e.g., in [17].

CHAPTER 4

HORN MINIMIZATION: HYDRA FORMULAS AND (SOME) STEINER
MINIMIZATION

This chapter is based on joint work with Robert H. Sloan and György Turán at the University of Illinois at Chicago [42; 40].
4.1

Introduction
We consider a problem concerning the minimal number of hyperarcs in directed hypergraphs

with prescribed reachability properties. In this chapter, a directed hypergraph H = (V, F ) has
size-3 hyperarcs of the form u, v → w where u, v is called the body (or tail) and w is called
the head of the hyperarc. Reachability is defined by a marking procedure known as forward
chaining. A vertex w ∈ V is reachable from a set S ⊂ V if the following process marks w: start
by marking vertices in S, and as long as there is a hyperarc a, b → c such that both a and b are
marked, mark c as well.
Given an undirected graph G = (V, E), we would like to find the minimal number of
hyperarcs in a directed hypergraph H = (V, F ), such that for every pair (u, v), the set of
vertices reachable from {u, v} in H is the whole vertex set V if (u, v) ∈ E, and it is {u, v}
otherwise. In other words, given a set of bodies, we look for the minimal total number of heads
assigned to these bodies such that every body can reach every vertex. The minimum is called
the hydra number of G, denoted by h(G).
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The problem is a combinatorial reformulation of a special case of the minimization problem
for propositional Horn formulas. A hydra formula ϕ is a definite Horn formula with clauses
of size 3 such that every body occurring in the formula occurs with all possible heads. The
minimal number of clauses needed to represent ϕ is the hydra number of the undirected graph
G corresponding to the bodies in ϕ.
Horn formulas are a basic knowledge representation formalism. Horn minimization is the
problem of finding a shortest possible Horn formula equivalent to a given formula. Special cases
correspond to the well studied transitive reduction and minimum equivalent digraph problems
for directed graphs [6]. Estimating the size of a minimal formula is not well understood even in
rather simple cases. Horn minimization was shown to be NP-Complete by Ausiello, D’Atri and
Saccà [6]. On the other hand, Hammer and Kogan showed that reducing a Horn formula over
n variables, to a prime and irredundant form is an (n − 1)-approximation algorithm for general
Horn minimization [25]. A 2log

1−

(n) -inapproximability

result for Horn minimization of defi-

nite Horn formulas assuming NP6⊆DTIME(n polylog(n) ) was given by Bhattacharya, DasGupta,
Mubayi and Turán [11]. That result we strengthened recently by Boros and Gruber [14].
Besides being a natural subproblem of Horn minimization, the hydra minimization problem
may also be of interest for the following reason. The Horn body minimization problem is the
problem of finding, given a definite Horn formula, an equivalent Horn formula with the minimal
number of distinct bodies. There are efficient algorithms for this problem [3; 5; 23; 32]. Thus
one possible approach to Horn minimization is to find an equivalent formula with the minimal
number of bodies and then to select as few heads as possible from the set of heads assigned to
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the bodies. This approach is indeed used in an approximate Horn minimization algorithm [11],
and is still used in Section 4.3 of this chapter. Hydras are a natural test case for the body
minimization approach.
Specifically, [11] proposed the problem of Steiner minimization of definite Horn formulas:
given a Horn formula ϕ over a variable set X, find a Steiner X-equivalent Horn formula ψ
with the smallest number of clauses. Horn formula ψ is allowed to include variables not in
X (in a restricted manner), and so it is not usually equivalent to ϕ. However ϕ and ψ are
equivalent in the following sense: for any clause C over X, ψ implies C if and only if ϕ
implies C. Bhattacharya et al showed that Steiner minimization is MAX-SNP-hard but also
gave an efficient O(n log log n/(log n)1/4 ) approximation algorithm, where n is the number of
variables in the original definite Horn formula [11]. Coincidentally, we improve the result
slightly with a simple update of the algorithm and its analysis (Theorem 4.3.4) to gain a factor
of (log log n)/(log n)3/4 , and show that this is sharp (Theorem 4.3.6).
The chapter is organized as follows. Section 4.2 contains some background on Horn formulas.
After a small detour into Steiner minimization (Section 4.3), and a discussion of the motivating
Horn minimization problem for hydra formulas (Section 4.4), we use the rest of the chapter to
present various results on hydra numbers.
It is easy to see that |E(G)| ≤ h(G) ≤ 2|E(G)| for every graph G on at least three vertices.
Graphs satisfying the lower bound are called single-headed. In Section 4.5 we give some sufficient and some necessary conditions for single-headedness. The hydra number of a graph is
related to the path cover number of the line graph of its spanning subgraphs (Theorem 4.6.1,
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Theorem 4.6.4). Corollary 4.6.2 gives the upper bound |E(G)| + b|V (G)|/2c for graphs with no
isolated vertices based on Theorem 4.6.1(ii).
Section 4.7 considers hydra number of trees. It is shown in Theorem 4.7.1 that singleheaded trees are precisely the stars and that trees with hydra number |E(G)| + 1 are precisely
the caterpillars. We give a lower bound for the hydra number of a tree (Theorem 4.7.4) and
we show that this is sharp for spider trees (Corollary 4.7.6). We conclude the discussion on
spiders by considering the in-degree of vertices in optimal hydras representing a spider family
(Theorem 4.7.7). We then consider binary trees: we show that the hydra number of a complete
binary tree is between

9
8

|E (G)| and

17
15 |E

(G) |+1 (Theorem 4.7.9), and note that a connectivity

restriction on the spanning subgraph in Theorem 4.6.1 can significantly worsen the upper bound
on the hydra number (Theorem 4.7.10).
In Section 4.8 we give a weaker upper bound for the hydra number, but use it to determine
the maximal hydra number of a tree. Finally in Section 4.9 we consider the related problem
of finding the minimal number of hyperarcs for which every k-tuple of vertices is good, and we
give almost matching lower and upper bounds. We conclude this chapter by mentioning several
open problems.
4.2

Background
A definite Horn clause is a disjunction of literals where exactly one literal is unnegated.

Such a disjunction can also be viewed as an implication, for example the clause x̄ ∨ ȳ ∨ z is
equivalent to the implication x, y → z. The tuple x, y is the body and the variable z is the head
of the clause. The size of a clause is the number of its literals. A definite d-Horn formula is a
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conjunction of definite Horn clauses of size d. A clause C is an implicate of a formula ϕ if every
truth assignment satisfying ϕ satisfies C as well, denoted as ϕ |= C. The implicate C is prime
if none of its proper subclauses is an implicate.
Implication between a definite Horn formula ϕ and a definite Horn clause C can be decided
by forward chaining: mark every variable in the body of C, and while there is a clause in ϕ
with all its body variables marked, mark the head of that clause as well. Then ϕ implies C iff
the head of C gets marked.
4.3

Steiner minimization
In this section we make a small detour into Steiner minimization, and improve the approx-

imation algorithm from [11], which uses body minimization. We begin by defining a Steiner
extension over X and Steiner X-equivalence.
4.3.1

Steiner Basics

Definition 4.3.1 (Steiner extension over X [11]). Let ϕ be a Horn formula over the variable
set V , and X ⊂ V . We say that ϕ is a Steiner extension over X if every variable in ϕ not in
X appears as the head of a clause whose body is composed entirely of variables in X, or as the
only variable in the body of a clause whose head is a variable in X.
Definition 4.3.2 (Steiner X-equivalence [11]). Horn formulas ϕ and ψ are Steiner X-equivalent
if:
i. For every clause C over X, ϕ |= C iff ψ |= C, and
ii. Both ϕ and ψ are Steiner extensions over X.
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The Steiner equivalence of definite Horn formulas can be decided efficiently, unlike more
general notions of extended equivalence of definite Horn formulas [11].
In constructing a Horn formula that is Steiner X-equivalent to a given definite Horn ϕ in
Theorem 4.3.4, we will require the following decomposition theorem from [11]. It guarantees
that a bipartite graph can be efficiently decomposed into complete bipartite graphs with not
too many copies of each vertex.
Theorem 4.3.3 ([11]). Let G be a bipartite graph, with parts A and B, and let a = |A|,
b = |B| and a ≥ b. Then a partition of G into t different complete bipartite graphs {Gi }1≤i≤t
with V (Gi ) ∩ A = Ai and V (Gi ) ∩ B = Bi such that

X
1≤i≤t

|Ai | + |Bi | = O

ab
ln a

+ a ln(b + 1)



can be found in polynomial time.
4.3.2

Algorithm

We construct a polynomial O(n/ log n) approximation algorithm for Steiner minimization
of definite Horn formulas. Our algorithm is a slight variation of the O(n log log n/(log n)1/4 )
approximation algorithm given in [11] with an improved analysis.
Theorem 4.3.4. There is an efficient O(n/ log n) approximation algorithm for Steiner minimization of definite Horn formulas, where n is the number of variables in the original formula.
Proof. We use the following algorithm.
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Input: A definite Horn formula ϕ
Algorithm STEINER-APPROX:
Construct ψ, a prime and irredundant Horn formula equivalent to ϕ.
if ψ has at most n/ log n clauses then return ψ
else return ψ 0 =STEINER(MIN-BODY(ψ)).
By Hammer and Kogan [24] we can produce a prime and irredundant Horn CNF ψ equivalent
to ϕ in quadratic time. If ψ is already small the result follows, so we may assume that ψ contains
more than n/ log n clauses.
Apply to ψ the procedure MIN-BODY, which can be any efficient body minimization algorithm, to output a Horn formula χ = MIN-BODY(ψ) with the minimum number of distinct
bodies. Finally we apply the STEINER(χ) procedure [11] to produce our approximation to the
smallest Horn formula Steiner X-equivalent to ϕ.
Specifically, during the STEINER procedure we construct a bipartite graph Gχ , such that:
i. Bodies(χ) and Heads(χ), the set of bodies and heads respectively, form the two parts of
vertex partition, and
ii. Edge (b, h) ∈ E(Gχ ) for every b ∈ Bodies(χ) and h ∈ Heads(χ) with (b → h) ∈ χ.
This bipartite graph is used to produce a Horn formula ψ 0 that is Steiner X-equivalent to
ψ in the following way:
(1) Decompose the edge set of Gχ into t complete bipartite graphs Gi = {Bi , Hi } for 1 ≤ i ≤ t
such that Bi ⊂ Bodies(χ) and Hi ⊂ Heads(χ).
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(2) For each Gi introduce the new variable yi 6∈ X and add the clauses b → yi and yi → h for
b ∈ Bi and h ∈ Hi to the new formula ψ 0 .
We guarantee that the size of ψ 0 will not be too large and that the decomposition of Gχ can
be performed efficiently using Theorem 4.3.3.
Let ALG(ϕ) be the number of clauses in the Horn formula produced by STEINER-APPROX
with input ϕ, and OP TS (ϕ) be the minimal number of clauses in any Horn formula that is
Steiner X-equivalent to ϕ. Also let k and ` be respectively the number of distinct bodies and
heads in MIN-BODY(ψ),
It is not hard to see that the minimal number of clauses in a Horn formula that is Steiner
X-equivalent to ϕ is larger or equal to the number of distinct bodies in the MIN-BODY(ϕ),
and by the equivalence of ϕ and ψ:
OP TS (ϕ) ≥ k.
Let us first deal with the case k ≥ `. Then, as in [11]:
ALG(ϕ)
≤c·
OP TS (ϕ)

k`
ln k

+ k ln `
=c·
k



`
+ ln `
ln k




=O

`
ln `


=O

 n 
,
ln n

where the first inequality is due to OP TS (ϕ) ≥ k and Theorem 4.3.3, the second step is due to
the inequality k ≥ ` and the last step is due to the fact that x/ ln x is a monotone increasing
function, and that there can only be as many heads as there are variables.
We now move to the case k < `. We will use the following lemma.
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Lemma 4.3.5 ([13]). Let ϕ be an arbitrary irredundant definite Horn CNF formula over n
variables, and let ϕ0 be a Horn CNF formula equivalent to ϕ with the minimum number of
clauses. Then |ϕ0 | ≥

p
|ϕ|.

Proof. We follow the (n − 1)-approximation algorithm for Horn minimization of Hammer and
Kogan [25]. Let m be the number of clauses in ϕ and m0 be the number of clauses in ϕ0 . Define
h to be the number of heads in ϕ0 . Every definite clause C in ϕ0 can be derived by resolving
at most h − 1 clauses of ϕ0 , as those are the maximum number of steps the forward chaining
procedure would require to mark the head of C. Since ϕ is irredundant there can be at most
(h − 1) · m0 number of clauses in ϕ, i.e. m ≤ (h − 1) · m0 . But h ≤ m0 , so m ≤ (m0 )2 .
Recall that |ψ| > n/log n. Then, by Lemma 4.3.5 and the equivalence of ϕ and ψ, OP T (ϕ) =
OP T (ψ) ≥

p
n/ log n. On the other hand [11] showed that OP TS (ϕ) ≤ 41 (OP T (ϕ))2 . Conse-

quently
OP TS (ϕ) ≥ 2 ·

p
p
OP T (ϕ) ≥ 2 · 4 n/ log n.

Now to finish the proof we note that:

ALG(ϕ)
OP TS (ϕ)

k`
ln `

+ ` ln k
OP TS (ϕ)

!



`
` ln OP TS (ϕ)
+
ln `
OP TS (ϕ)
 p


ln 2 · 4 n/ log n
0  n

p
+n·
≤ c ·
ln n
2 · 4 n/ log n
 n

 n 
= O
+ n3/4 · (log n)5/4 = O
,
ln n
ln n
≤ c·

≤c·
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where the first inequality is due to Theorem 4.3.3, the second step is due to the inequality
OP TS (ϕ) ≥ k and the last step is due to the inequality l ≤ n, the fact that x/ ln x is a
monotone increasing function, and the inequality OP TS (ϕ) ≥ 2 ·

p
4

n/ log n.

Next we show that the bound given in Theorem 4.3.4 for the STEINER-APPROX algorithm
is sharp.
Theorem 4.3.6. For every integer n, there exists a definite Horn formula ϕn such that

ALG(ϕn )
=Ω
OPTS (ϕn )



n
log n


.

Proof. We construct a definite Horn formula ϕ on variables x1 , x2 , . . . , xn by taking all vertices
xi with 1 ≤ i ≤ n/2 as single-variable bodies and all vertices xj for n/2 < j ≤ n as heads.
(For simplicity we may assume that n is even.) Then Gϕ is a complete bipartite graph with
equal parts, and the minimum formula that is Steiner X-equivalent to ϕ can be produced
by adding a single new variable y 6∈ {xi : 1 ≤ n}, and the two clauses (b → y) ∧ (y → h) for
each clause b → h in ϕ. Then OP TS = n. But the procedure in the proof of Theorem 4.3.3

instead decomposes G(ϕ) into (n/(2q))2 = Θ n2 / log2 n complete bipartite subgraphs Kq,q ,
with q = blog(n/2)/ ln(2e)c = Θ(log n). Each vertex participates in Θ(n/ log n) distinct Kq,q ’s,
and each Kq,q contributes Θ(log n) distinct clauses for ALG(ϕ), the formula that is Steiner
X-equivalent to ϕ, produced by STEINER-APPROX. Then ALG(ϕ) has


Θ(log n) · Θ

n2
log2 n




=Θ

n2
log n
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clauses and the ratio

ALG(ϕ)
OP TS (ϕ)

is at least




Θ n2 /(log n)
n
.
=Ω
n
log n

As we saw minimizing the number of distinct bodies in a Horn formula can provide useful
first steps in Horn minimization. Then a natural question is given a Horn formula ϕ and the
minimum number of distinct bodies, how many heads can we expect in MIN-BODY(ϕ)? We
investigate this question on hydras, a subclass of Horn formulas.
Hydra Formulas

4.4

We now turn our attention to the main focus of this chapter, hydra formulas and hydra
number.
Definition 4.4.1. A definite 3-Horn formula ϕ is a hydra formula, or a hydra, if for every
clause x, y → z in ϕ and every variable u, the clause x, y → u also belongs to ϕ.
For example, (x, y → z) ∧ (x, y → u) ∧ (x, z → y) ∧ (x, z → u) is a hydra1 .
In the following proposition we note that every prime implicate of a hydra is a clause
occurring in the hydra itself (this is not true for definite 3-Horn formulas in general). Thus
minimization for hydras amounts to selecting a minimal number of clauses from the hydra that
are equivalent to the original formula.

1

Redundant clauses like x, y → x are omitted for simplicity.
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Proposition 4.4.2. Every prime implicate of a hydra belongs to the hydra.
Proof. First note that all prime implicates of a definite Horn formula are definite Horn clauses [24].
Let us consider a hydra ϕ and a definite Horn clause C. If the body of C is of size 1, or it is
of size 2 but it does not occur as a body in ϕ then forward chaining cannot mark any further
variables, thus C cannot be an implicate. If the body of C has size at least 3 then it must
contain a body x, y occurring in ϕ, otherwise, again, forward chaining cannot mark any further
variables. But then the clause x, y → head(C) occurs in ϕ and so C is not prime.
A definite Horn formula may also be viewed as a directed hypergraph of the type described
in the introduction, and the two descriptions of forward chaining are equivalent. The closure
clH (S) of a set of vertices S with respect to H is the set of vertices marked by forward chaining
started from S. A set of vertices is good if its closure is the set of all vertices.
For completeness, we restate the main notions used in this chapter.
Definition 4.4.3. A directed 3-hypergraph H = (V, F ) represents an undirected graph G =
(V, E) if
i. (u, v) ∈ E implies clH (u, v) = V ,
ii. (u, v) 6∈ E implies clH (u, v) = {u, v}.
Definition 4.4.4. The hydra number h(G) of an undirected graph G = (V, E) is

min{|F | : H = (V, F ) represents G}.
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Proposition 4.4.2 implies that the minimal formula size of a hydra ϕ and the hydra number
of the undirected graph G formed by the bodies in ϕ are the same.
Remark 4.4.5. For the rest of the chapter we assume that every variable in a hydra occurs in
some body, or, equivalently, that graphs contain no isolated vertices. The removal of a variable
occurring only as a head decreases minimal formula size by one, and, similarly, the removal of
an isolated vertex decreases the hydra number by one.
For the remainder of the chapter we use hypergraph terminology.
4.5

The Hydra Number of Graphs
In this section we note some simple properties of the hydra number. We start with an easy

bound.
Proposition 4.5.1. For every graph G = (V, E) with at least three vertices

|E(G)| ≤ h(G) ≤ 2|E(G)|.

Proof. For the upper bound construct a hypergraph of size 2|E(G)| by first ordering the edges
of G, and then using each edge as the body of two hyperarcs whose heads are the two endpoints
of the next edge in G. For the lower bound, note that each edge of G must be a body of at
least one hyperarc.
Equality holds in the upper bound when G is a matching, and only in this case.
Graphs satisfying the lower bound are of particular interest as they represent ‘most compressible’ hydras.
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Definition 4.5.2. A graph G is single-headed if h(G) = |E(G)|.
A graph is single-headed iff there is a hypergraph H = (V, F ) such that every edge of G has
exactly one head assigned to it, every hyperarc body in H is an edge of G and every edge of G
is good in H. Cycles, for example, are single-headed, as shown by the directed hypergraph

(v1 , v2 → v3 ), (v2 , v3 → v4 ), . . . , (vk−1 , vk → v1 ).

(4.1)

Adding edges to the cycle preserves single-headedness. For example, the graph obtained by
adding edge (vi , vj ) is represented by the directed hypergraph obtained from (4.1) by adding
the hyperarc vi , vj → vi+1 , where i + 1 is meant modulo m. Thus we obtain the following.
Proposition 4.5.3. Hamiltonian graphs are single-headed.
We will discuss stronger forms of this statement in the next section. Matchings, on the
other hand, satisfy the upper bound in Proposition 4.5.1. Indeed, every edge must occur as the
body of at least two hyperarcs as otherwise forward chaining cannot mark any further vertices.
We call a body u, v single-headed (resp., multi-headed) with respect to a directed hypergraph
H representing a graph G, if it is the body of exactly one (resp., more than one) hyperarc of
H.
Remark 4.5.4. Assume that the directed hypergraph H = (V, F ) represents the graph G = (V, E)
and |V | ≥ 4. If u, v → w ∈ F and u, v is single-headed in H then w must be a neighbor of u or
v. Indeed, otherwise clH (u, v) = {u, v, w} ⊂ V . This is a fact which we use numerous times in
our proofs without referring to it explicitly.
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The following proposition generalizes the argument proving Proposition 4.5.3.
Proposition 4.5.5. Let G be a graph with no isolated vertices and let G0 be a spanning subgraph
of G with no isolated vertices. Then

h(G) ≤ h(G0 ) + |E(G)| − |E(G0 )|.

If G0 is single-headed then G is also single-headed.
Proof. Let H 0 be a directed hypergraph of size h(G0 ) representing G0 . Since G0 is a spanning
subgraph of G and contains no isolated vertices, for every edge (u, v) ∈ E(G)rE(G0 ) there is an
edge (v, w) ∈ E(G0 ). The directed hypergraph H representing G obtained from H 0 by adding
the hyperarc u, v → w to H 0 for each edge (u, v) ∈ E(G) r E(G0 ) satisfies the requirements.
The second statement follows trivially.
A second proposition gives a sufficient condition for single-headedness based on singleheadedness of a non-spanning subgraph.
Proposition 4.5.6. Let G be a connected graph and (u, v) 6∈ E(G). Construct the graph Ĝ
with vertex set V (Ĝ) = V (G) ∪ {w} and edge set E(Ĝ) = E(G) ∪ {(u, v), (v, w)}, for some
w 6∈ V (G). If G is single-headed then Ĝ is single-headed.
Proof. Let H be a directed hypergraph representing G and containing exactly |E(G)| hyperarcs.
Construct Ĥ from H by adding hyperarcs u, v → w and v, w → z, where z is a neighbor of v
in G guaranteed to exist by the connectivity of G. Since all pairs in E(G) reach both u and v
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in H (and in Ĥ), hyperarc u, v → w ensures all pairs in E(G) can reach in Ĥ the new variable
w as well. On the other hand, hyperarc v, w → z ensures that the new pairs (u, v) and (v, w)
can reach all other variables. Finally, there are |E(Ĝ)| hyperarcs in H.
Next we see a general sufficient condition for a graph not to be single-headed.
Proposition 4.5.7. Let G be the union of two disjoint subgraphs G1 = (V1 , E1 ) and G2 = (V2 , E2 ),
connected by a cut-edge. If both G1 and G2 contain at least two vertices then G is not singleheaded.
Proof. Assume that G is single-headed and let H be a directed hypergraph demonstrating this.
Let u ∈ G1 , v ∈ G2 , and (u, v) be the cut-edge. There is exactly one hyperarc of the form
u, v → z in H. If z is in G1 (resp., in G2 ) then forward chaining started from z, u (resp., z, v)
cannot mark any vertices in G2 (resp., G1 ) other than v (resp., u).
4.6

Line Graphs
In this section we consider a graph parameter that can be used to prove bounds on the hydra

number. The line graph L(G) of G has vertex set V (L(G)) = E(G) and edge set E(L(G)) =
{(e, f )|e 6= f ∈ E(G) and e ∩ f 6= ∅}. A (vertex-disjoint) path cover of G is a set of vertexdisjoint paths such that every vertex v ∈ V is in exactly one path. The path cover number of
G is the smallest integer k such that G has a path cover containing k paths.
In Proposition 4.5.3 we noted that hamiltonian graphs are single-headed. This can be
extended to show that hamiltonicity of the line graph is also sufficient for single-headedness.
Note that hamiltonicity of the line graph is a strictly weaker condition than hamiltonicity.
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Hamiltonicity of the graph is easily seen to imply hamiltonicity of the line graph, and a triangle
with a pendant edge shows that the converse fails. Furthermore, the path cover number of the
line graph of any spanning subgraph with no isolated vertices gives a general upper bound for
the hydra number.
Theorem 4.6.1. Let G be a graph with no isolated vertices and let G0 be a spanning subgraph
of G with no isolated vertices. Then the following statements are true:
i. If L(G0 ) is hamiltonian then G is single-headed.
ii. If L(G0 ) has a path cover of size k then h(G) ≤ |E(G)| + k.
Proof. By Proposition 4.5.5 it is sufficient to prove the bounds for G0 .
~ is a directed
Proof of i. Let C be a hamiltonian cycle in L(G0 ). Direct the edges of C so that C
hamiltonian cycle. The directed hypergraph H satisfying the requirements is constructed by
~ where e = (u, v) and f =
adding a hyperarc u, v → w for each directed edge (e, f ) ∈ C,
(v, w).
Proof of ii. Let {Pi }k1 be the minimum path cover of L(G0 ) and let li be the number of vertices
of the path Pi . Direct the edges of each path Pi so that P~i is a directed path. Let ei = (xi , yi )
and fi = (ui , vi ) be the first and last edges in P~i , respectively (if P~i is a single vertex then
ei = fi ).
We construct a directed hypergraph H representing G0 and satisfying the requirements as
follows. First, for each path P~i of at least 2 vertices we add li − 1 hyperarcs: for each directed
edge (e, f ) ∈ P~i , where e = (u, v) and f = (v, w), add a hyperarc u, v → w to H.
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If k = 1 then we complete the construction of H by adding two hyperarcs, u1 , v1 → x1 and
u1 , v1 → y1 . If k > 1 then we complete the construction by adding the 2k hyperarcs

(uk , vk → x1 ), (uk , vk → y1 ) and (ui , vi → xi+1 ), (ui , vi → yi+1 ),

for 1 ≤ i ≤ k − 1.

For a dense graph G, the trivial upper bound for the hydra number, 2|E(G)|, given by
Proposition 4.5.1 is unnecessarily large. The following corollary of Theorem 4.6.1(ii) gives an
upper bound as a function of the number of vertices.
Corollary 4.6.2. Let G be a graph with no isolated vertices. Then


|V (G)|
.
h(G) ≤ |E(G)| +
2


Proof. Let M ⊆ E(G) be a maximal set of independent edges of G, and let m be the number
of edges it contains. Clearly m ≤ b|V (G)|/2c. Since G contains no isolated vertices, and M is
maximal, each vertex u that is not an endpoint of an edge in M , must have a neighbor v that is
an endpoint of an edge in M . Form the set N ⊂ E(G) to consist of one such edge (u, v) ∈ E(G)
for each u not covered by M . Then G0 = (V, M ∪ N ) is a spanning subgraph of G containing
no isolated vertices. Furthermore G0 is the union of m components Gi , each of which consists
of one edge with (possibly) pendant edges attached to its endpoints. Each component Gi has a
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line graph L(Gi ) consisting of one or two cliques sharing a vertex, and as such can be covered
by one path. Then the path cover number of L(G0 ) is at most m ≤ b|V (G)|/2c.
Remark 4.6.3. We expect this bound to be very crude in most cases and certainly weaker than
that path cover bound of Theorem 4.6.1, since it does not use the structure of G at all. That is
also what makes it very accessible, as it is expressed solely in terms of the size of the edge and
vertex sets of G.
The condition of Theorem 4.6.1(i) is sufficient but not necessary for a graph G to be singleheaded. In fact, there exist single-headed graphs such that the line graph of any of the connected
spanning subgraphs has a large path cover number.
Theorem 4.6.4. There is a family of single-headed graphs Gk with Θ(k) edges such that for
every spanning subgraph G0 ⊆ Gk with no isolated vertices, L(G0 ) has path cover number Θ (k).
Proof. Consider the sequence of graphs {Gk : k ≥ 1} constructed from an 8k-cycle, with
vertices v0 , . . . , v8k−1 , and pendant edges xi v4i and yi v4k+4i for 0 ≤ i ≤ k − 1. Add a vertex zi
and the edges (xi , yi ), (yi , zi ), for each i, 0 ≤ i ≤ k − 1, corresponding to the construction in
Proposition 4.5.6.
By Proposition 4.5.6, Gk is single-headed, since a cycle with attached pendant edges has a
hamiltonian line graph. We will show that for an arbitrary spanning subgraph G0 ⊆ Gk with
no isolated vertices the path cover number of L(G0 ) is at least k/4.
Define Di to be the set of vertices in the ith diagonal of L(G0 ), namely xi v4i , xi yi , yi zi , and
yi v4k+4i . Consider an arbitrary path cover S = {Pj : 1 ≤ j ≤ s} of the vertices of L(G0 ).
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Figure 5. Single-headed graph Gk for k = 4 from Theorem 4.6.4 (left) and its line graph
(right).

Lemma 4.6.5. Let Di 0 = Di ∩ V (L(G0 )), and let G[Di 0 ] be the subgraph of L(G0 ) induced by
Di 0 . If G[Di 0 ] does not contain an endpoint of a path in S, then Di 0 = Di and one path in S
covers all vertices in Di .

1

Proof. Suppose that G[Di 0 ] does not contain an endpoint of a path in S, and assume for
contradiction that e ∈ Di \ Di 0 . Since G0 is spanning and contains no isolated vertices, it
must contain the edge (yi , zi ), and so e 6= yi zi . Also e 6∈ {xi yi , yi v4k+4i }, else yi zi would be
a degree-1 vertex in L(G0 ), and thus it would be an endpoint of a path in S. Furthermore
e 6= xi v4i , otherwise S must have a path endpoint in the triangle {xi yi , yi zi , yi v4k+4i }. Thus
Di is contained in the vertex set of L(G0 ), and due to the structure of the diagonal and the
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assumption that no path endpoints of S fall in Di , all vertices in the diagonal are covered by
exactly one path P of S.
Define Xi to include all vertices in Di along with the cycle vertices v4i−3 v4i−2 , v4i−2 v4i−1 ,
v4i−1 v4i , v4i v4i+1 , v4i+1 v4i+2 , v4i+2 v4i+3 , and their antipodes on the circle v4k+4i−3 v4k+4i−2 ,
v4k+4i−2 v4k+4i−1 , v4k+4i−1 v4k+4i , v4k+4i v4k+4i+1 , v4k+4i+1 v4k+4i+2 , v4k+4i+2 v4k+4i+3 .
Let Xi 0 = Xi ∩ V (L(G0 )). We claim that the subgraph G[Xi 0 ] induced by the vertex set Xi 0
contains at least one endpoint of a path in S. Suppose not. By Lemma 4.6.5 all vertices in Di
are in L(G0 ). A case analysis shows that all other vertices in Xi must be present, otherwise a
degree-1 vertex is introduced in G[Xi 0 ] or G0 is not both spanning and without isolated vertices.
Thus there must be a path P in S going through all the vertices of Xi . A further case analysis
shows that this is not possible.
There are k/2 disjoint sets Xi 0 and so there are at least k/4 paths in S.
A more involved case analysis gives at least two endpoints of paths of S in Xi 0 , and so at
least k/2 paths in S.
4.7

The Hydra Number of Trees
Proposition 4.5.5, and by extension Theorem 4.6.1 suggest that many edges in a graph G do

not necessarily improve h(G), and so considering the hydra number of sparse graphs would be
interesting. It is natural then to investigate the hydra number of the most sparse of connected
graphs, the tree.
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4.7.1

Trees with Low Hydra Number

We begin the discussion of the hydra number of trees, with trees having low hydra numbers,
that is, hydra number |E(T )| or |E(T )| + 1.
A star is a tree that contains no length-3 path. A caterpillar is a tree for which deleting
all vertices of degree one and their incident edges from the tree gives a path. We call this path
the spine of T , and note that it is unique. A useful characterization of caterpillars is that they
do not contain the subgraph in Figure 6 [26] (see also [45, p.88]).

Figure 6. The forbidden subgraph for caterpillars.

Caterpillars have been instrumental in [39], where finding maximal caterpillars starting
from the leaves of the tree was the basis for a polynomial algorithm used to find a minimum
hamiltonian completion of the line graph of a tree (which is the same as finding a minimum
path cover). A linear algorithm was later put forth by [1] for the same problem. For general
graphs the problem is NP-hard. Furthermore, [10] proves that finding a hamiltonian path is
NP-complete even for line graphs.
1

50

Stars are the only trees that are single-headed, and caterpillars are the only non-star trees
that can attain h(T ) = |E(T )| + 1.
Theorem 4.7.1. Let T be a tree. Then
i. h(T ) = |E(T )| if and only if T is a star.
ii. h(T ) = |E(T )| + 1 if and only if T is a non-star caterpillar.
We first show that a tree that is not a star cannot be single-headed.
Lemma 4.7.2. If T is a tree that is not a star, then h(T ) ≥ |E(T )| + 1.
Proof. Since T is not a star, it contains a path of length three. The middle edge is a cut-edge
between two components of at least two vertices, hence we can apply Proposition 4.5.7.
In fact a hypergraph that represents a non-caterpillar tree requires even more hyperarcs.
Lemma 4.7.3. If T is a tree that is not a caterpillar then h(T ) > |E(T )| + 1.
Proof. A non-caterpillar tree T contains the subgraph in Figure 6. Let us call the central vertex
of that forbidden subgraph u.
Assume for contradiction that H is a hypergraph with |E(T )| + 1 hyperarcs that represents
T . Let the two-headed body of H be α.
We claim α must have a head in every non-singleton subtree attached to u that does not
contain both vertices of α. Suppose not. Let v be a neighbor of u, and let Tv be a non-singleton
subtree of T not containing any heads of α, and also not containing both vertices of α. Finally
let w ∈ V (Tv ) be a neighbor of v. (See Figure 7.) Body u, v must have a head that is a neighbor
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u
Tv

v
w

Figure 7. Part of the non-caterpillar tree T from the proof of Lemma 4.7.3.

of v in Tv : among the vertices in Tv , only v itself can be a head to a body completely outside
Tv ; so if u, v has only heads outside of Tv , then u, v cannot reach w. Body u, v must also have
a head outside Tv , because otherwise only vertices in Tv and u would be reachable from u, v in
H. So u, v must be α, which contradicts α having no heads in Tv .
Since there are at least three non-singleton subtrees attached to u, it must be that two of
those subtrees each contain one head of α, and the third subtree contains both vertices of α.
The two heads of α must not be adjacent to1 α, because they are in different subtrees. Those
two heads also cannot be adjacent to each other. Therefore, the only vertices reachable from α
in H are α’s two heads and α itself.
Proof of Theorem 4.7.1. We need to prove the upper bounds. The single-headedness of stars
is easily seen directly, or follows from Theorem 4.6.1(i). For T a caterpillar, the upper bound
follows from Theorem 4.6.1(ii) as the line graph of a caterpillar contains a hamiltonian path.
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4.7.2

Lower Bounds for Trees

Let T − be the tree obtained from T by removing all leaves, and define `(T ) to be the number
of leaves in T − . The following theorem generalizes Lemma 4.7.3.
Theorem 4.7.4. For a tree T that is not a star,


h(T ) ≥ |E(T )| +

Proof. Assume

for

contradiction

that

H

is


`(T )
.
2

a

hypergraph

representing

T

with

|E(T )| + d`(T )/2e − 1 hyperarcs. Let v be a leaf in T − and u be its unique neighbor in
T − and define Tv to be the subtree of T rooted at v and containing all leaf neighbors of v in T .
Claim 1. For every subtree Tv there exists a multi-headed body α in H such that either
(i) two heads of α are contained in Tv , or
(ii) both vertices of α are contained in Tv , or
(iii) one head of α is contained in Tv and α is the body u, v.
Proof of Claim. Otherwise body u, v cannot reach every vertex outside Tv and every vertex
inside Tv .
Then each subtree Tv “uses” the body or two heads of a multi-headed hyperarc. We will show
that even in the case where the sum of bodies and heads of multi-headed bodies is maximum,
we cannot “cover” all non-singleton subtrees.
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Let b be the number of multi-headed bodies in H, and d be the average outdegree for the
multi-headed bodies. The number of multi-headed hyperarcs in H can be counted by bd, but
also by b + d`(T )/2e − 1. On the other hand the sum of bodies and heads, if all heads are
distinct, is counted by b + bd = 2b + d`(T )/2e − 1, and so can be maximized by maximizing the
number of multi-headed bodies, i.e. setting b = d`(T )/2e − 1. Then d = 2, and all multi-headed
hyperarcs are in fact two-headed.
So in this best case scenario there are d`(T )/2e − 1 two-headed bodies and `(T ) − 2 (resp.
`(T ) − 1) heads of a multi-headed body if `(T ) is even (resp. odd). But there are `(T ) subtrees
and only `(T )−2 (alternatively `(T )−1 if `(T ) is odd) of them can be “covered” by multi-headed
bodies and their heads.
Theorem 4.7.4 can also be formulated for general graphs containing induced subgraphs that
are trees (i.e. graphs that contain `(G) degree≥ 2 neighbors of degree-1 vertices). The proof is
also the same.
Theorem 4.7.5. Let G− be the graph obtained from G by removing all degree-1 vertices, and
define `(G) to be the number of degree-1 vertices in G− . If `(G) > 1 then,


`(G)
h(G) ≥ |E(G)| +
.
2


4.7.3

Spiders and Large In-degrees

A spider is a tree with at most one vertex of degree at least 3, and all other vertices having
degree at most 2. Let u be the vertex with degree at least 3. For convenience, we call the
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unique path from a leaf of a spider to u, including the endpoints, a leg. The upper bound from
Theorem 4.6.1(ii) is sharp for spider trees (even if we require the subgraph G0 to be connected)
and so is the lower bound from Theorem 4.7.4.
Corollary 4.7.6. If T is a spider tree with ` legs of length at least two, then

 
`
.
h(T ) = |E(T )| +
2

Proof. The upper bound is a corollary of Theorem 4.6.1(ii) as the path cover number of L(T )
is d`/2e, since that is the minimum number of caterpillars in which the edges of T can be
decomposed, with each caterpillar, except possibly the last one, containing two legs of T .
The lower bound is a corollary of Theorem 4.7.4, since ` = `(T ).
Another interesting parameter of a graph G is the largest in-degree of a vertex in an optimal
hypergraph H representing G. The following two theorems demonstrate a family of trees Tk
with large in-degree in the optimal hypergraph representing Tk .
Let Tk be a spider tree with exactly k legs all of which have length 2.
Theorem 4.7.7. The central vertex u has bk/2c heads in an optimal hydra H representing Tk .
Proof. First note that Tk contains 2k edges and 2k + 1 vertices. From Corollary 4.7.6 we know
that an optimal hydra H representing Tk contains |E(Tk )| + dk/2e hyperarcs, and, from the
proof of Theorem 4.7.4, we know that there are bk/2c multi-headed bodies in H all of which
have two heads.
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Let u be the central vertex of Tk , Furthermore, as in the proof of Theorem 4.7.4, for every
non-singleton subtree Tvi rooted at a neighbor vi of the central vertex u there exists a multiheaded body α such that either
i. two heads of α are contained in Tvi , or
ii. both vertices of α are contained in Tvi , or
iii. one head of α is contained in Tvi and α is the body u, vi .
In fact, with a small exception for k odd, all heads and bodies in each subtree Tvi described
above must be single-headed, otherwise there are more than |E(Tk )| + dk/2e hyperarcs in H.
We will examine the subtrees in pairs and show that, for each pair, u is a head for at least one
hyperarc. (If k is odd one subtree is allowed to contain both a two-headed body and the heads
of a multi-headed body.)
Let wi be the neighbor of vi in Tvi . If Tvi satisfies case i., then hyperarc vi , wi → u is in H.
If Tvi satisfies case ii., then there exists subtree Tvj such that Tvj falls in case i., i.e. vj and wj
are the two heads of body vi , wi . Finally subtree Tvi may satisfy case iii., in which case there
exists a subtree Tvj such that vj is the second head of body u, vi . All pairs in {u, vi , wi , vj , wj }
other than u, vi are single-headed, and vertices u, vi and wj are heads of single-headed bodies
only. Then bodies vi , wi and vj , wj must both have u as their head (also u, vj has a head vj 0 in
a different subtree, and vi is a head of body outside Tvi and Tvj ).
Then we can partition our subtrees into bk/2c pairs (and possibly a single subtree) each
containing at least one hyperarc with head u. Finally u has in-degree at least dk/2e in an
optimal hydra H representing Tk .
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If we restrict the in-degree of the vertices of V (Tk ) in a hypergraph H representing Tk , then
we increase the size of an optimal hypergraph H representing Tk by a term of order |V (Tk )|.
Theorem 4.7.8. Let d ≥ 1 be a constant. If H is an optimal hypergraph representing Tk , such
that no vertex in Tk is a head of more than d hyperarcs, then the number of hypearcs in H is
at least |E(Tk )| + k − d.
Proof. Let Tvi be the subtree of Tk rooted at vertex vi neighboring u, and wi be the other
neighbor of vi . There are k such subtrees, and at most d of them can contain an edge (vi , wi ),
whose endpoints form a single-headed body in H, as the only edge incident to (vi , wi ) is (u, vi ).
For any other subtree Tvj , vj , wj is a multi-headed body in H. Then H contains at least
|E(Tk )| + k − d hyperarcs. Since k = (|V (G)| − 1)/2, this is an increase in the size of the
optimal H by about |V (G)| − d.
4.7.4

Complete Binary Trees

In this section we obtain upper and lower bounds for h(G) when G is a complete binary
tree. A complete binary tree of depth d, denoted Bd , is a tree with d + 1 levels, where every
node on levels 1 through d has exactly 2 children. Bd has 2d+1 − 1 vertices and 2d+1 − 2 edges.
Theorem 4.7.9. For d ≥ 3 it holds that
17
9
|E (Bd )| ≤ h (Bd ) ≤
|E (Bd )| + 1.
8
15

Proof. The lower bound follows from Theorem 4.7.4, since there are 2d−1 leaves in (Bd )− (all
vertices in the (d − 1) level of the tree).
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For the upper bound, define p(T ) to be the minimum number of edge-disjoint caterpillar
subtrees required to cover the vertices of a tree T . Note that this is equal to the minimum path
cover number of L(T 0 ) over all subgraphs T 0 ⊂ T with no isolated vertices.
First let d = 4k + 3 for some k > 1. We show that there is a spanning subgraph B 0 of
B4k+3 with no isolated vertices with a path cover containing at most (2/15)|E(B4k+3 )| + 2/15
paths. Specifically we delete every fourth level of edges in the binary tree, leaving a forest of
B3 ’s. This corresponds to deleting every fourth level of vertices in L(B4k+3 ), to obtain L(B 0 ).
By inspection, p(B3 ) = 2. Considering the top three levels of the line graph L(B4k+3 ), we note
the following inductive inequality:

p (B4k+3 ) ≤ 2 + 16p (B4k−1 ) ,

(4.2)

which holds because we can construct a path cover of L(B 0 ) by covering the top copy of L(B3 )
in L(B 0 ) with 2 paths, and noting the 16 copies of L(B4k−3 ) remaining in L(B 0 ) (See Figure 8.)
Inequality (4.2) and the inductive hypothesis together complete the d = 4k + 3 case as
follows

p (B4k+3 ) ≤ 2

k
X
i=0

16i =

2
2
|E (B4k+3 )| + .
15
15

(4.3)

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )

L(B4k−1 )
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Figure 8. Induction on the line graph L(B4k+3 ) from the proof of Theorem 4.7.9.

For the case d = 4k + 2, construct L(B 0 ) by deleting the third level of vertices of L(B4k+2 ).
Cover the vertices of the top two levels of L(B4k+2 ) with one path, and note that there are 8
copies of L(B4k−1 ) covering the remaining vertices
of L(B 0 ). Thus by Equation 4.3:
1

p (B4k+2 ) ≤ 1 + 8p (B4k−1 ) ≤

2
1
|E (B4k+2 )| + .
15
5

The case d = 4k + 1 is handled similarly. Construct L(B 0 ) by deleting the second level
of vertices of L(B4k+1 ). Cover the vertices of the top level of L(B 0 ) with one path, and note
that there are 4 copies of L(B4k−1 ) covering the remaining vertices of L(B 0 ). Once again, by
Equation 4.3:
p (B4k+1 ) ≤ 1 + 4p (B4k−1 ) ≤

11
2
|E (B4k+1 )| + .
15
15
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Finally let d = 4k. This time we cover the vertices of the top level of L(B4k ) with one path,
and note that there are 2 copies of L(B4k−1 ) covering the remaining vertices of L(B4k ). Thus

p (B4k ) ≤ 1 + 2p (B4k−1 ) ≤

2
|E (B4k )| + 1.
15

The following theorem demonstrates the significance of considering non-connected subgraphs
of G when upper-bounding h(G) in Theorem 4.6.1(ii). Even for trees, there are examples where
the path cover number of the line graph of the tree is significantly larger than the hydra number
of the tree.
Theorem 4.7.10. Let g(T ) to be the minimum number of paths in a path cover of L(T ). Then

h(Bd ) ≤ g(Bd ) − Θ(|V (Bd )|).

Proof. We claim that the path cover number of L(Bd ) is




1



7 |E (Bd )|




g(Bd ) = 1 |E (B )| +
d

7








 71 |E (Bd )| +

for d ≡ 0 mod 3,
5
7

for d ≡ 1 mod 3,

1
7

for d ≡ 2 mod 3.

(4.4)

By [39], g(Bd ) is equal to the minimum number of caterpillars in a caterpillar-decomposition
of the edges of Bd . [39] also provides an algorithm to calculate this number. Since the bottom
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LB3k−3

LB3k−3

LB3k−3

LB3k−3

LB3k−3

LB3k−3

LB3k−3

LB3k−3

Figure 9. Line graph L(B3k ) from the proof of Theorem 4.7.10.

levels of Bd are furthest from the (bi)center of the tree, it will be optimal to cover the bottommost parts of the tree with as few caterpillars as possible. Thus we distinguish the three cases
in 4.4, and form inductive equations for each case.
1

We first let d = 3k for some k > 1. We show inductively that g(B3k ) is |E(B3k )|/7. By
inspection, g(B3 ) = 2. Considering the top three levels of the line graph L(B3k ) we note the
following inductive inequality:

g (B3k ) = 2 + 8g (B3k−3 ) ,

(4.5)

which holds because we can construct a path cover by covering the top copy of L(B3 ) in
L(B3k ) with 2 paths, and noting the 8 copies of L(B3k−3 ) remaining in L(B3k ) (See Figure 9.)
Inequality (4.5) and the inductive hypothesis together complete the d = 3k case.
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For the case d = 3k + 1, cover the vertices of the top level of L(B3k+1 ) with one path and
note that there are 2 copies of L(B3k ) covering the remaining vertices of L(B3k+1 ). Thus

g (B3k+1 ) = 1 + 2g (B3k ) ,

which together with the formula for the d = 3k case gives the desired result.
Finally the d = 3k + 2 case is handled in a similar way. This time we cover the vertices
of the top two levels of L(B3k+2 ) with one path and note that there are 4 copies of L(B3k )
remaining. Thus
g (B3k+2 ) = 1 + 4g (B3k ) .

4.8

Hydra Number and Total Interval Number
It is worth noting that, for a triangle-free graph, we can upper bound the hydra number by

a different graph metric, the total interval number of the graph. This follows from the theorem:
Theorem 4.8.1 ([39; 30]). For a triangle-free graph G, the total interval number of G, τ (G)
is equal to |E(G)| + g(G).
By Theorem 4.6.1(ii) for a triangle-free graph G,

h(G) ≤ |E(G)| + g(G) = τ (G).

Corollary 4.8.2. For a connected triangle-free graph G, h(G) ≤ τ (G).
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This corollary also suggests an answer to the following question: what is the maximal hydra
number among n-vertex trees? It is, in fact, the maximal total interval number for a tree, i.e.
b(5|V (G)| − 3)/4c [2; 30] or equivalently b(5|E(G)| + 2)/4c. This bound on the hydra number
is sharp and we have already seen a family of trees that attains it: the family Tk of Section 4.7.3.
Theorem 4.8.3. The maximum hydra number of a tree G is b(5|V (G)| − 3)/4c, and this is
sharp.
Proof. By [2] and Corollary 4.8.2, for any graph G, h(G) ≤ τ (G) ≤ b(5|V (G)| − 3)/4c . On the
other hand recall that Tk is a spider tree with k legs of length 2, |V (Tk )| = 2k + 1, |E(Tk )| = 2k
and hydra number h(Tk ) = |E(Tk )| + dk/2e = b(5|V (Tk )| − 3)/4c . Then b(5|V (Tk )| − 3)/4c is
the maximum hydra number of any tree, and it is attained by Tk .
4.9

Minimal Directed Hypergraphs with All k-tuples Good
In this section we consider a problem related to hydra numbers. Given n and a number

k (2 ≤ k ≤ n − 1), let f (n, k) be the minimal number of hyperarcs in an n-vertex 3-uniform
directed hypergraph H such that every k-element subset of the vertices is good for H. The case
k = 2 is just the hydra number of complete graphs and so f (n, 2) =

n
2



.

We use Turán’s theorem from extremal graph theory (see, e.g. [45]). The Turán graph
T (n, k − 1) is formed by dividing n vertices into k − 1 parts as evenly as possible (i.e., into parts
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of size bn/(k − 1)c and dn/(k − 1)e) and connecting two vertices iff they are in different parts.
The number of edges of T (n, k − 1) is denoted by t(n, k − 1). If k − 1 divides n then

t(n, k − 1) =

1−

1
k−1



n2
.
2

Turán’s theorem states that if an n-vertex graph contains no k-clique then it has at most
t(n, k − 1) edges and the only extremal graph is T (n, k − 1). Switching to complements it
follows that if an n-vertex graph has no empty subgraph on k vertices then it has at least
n
2



− t(n, k − 1) edges.

Theorem 4.9.1. If k ≤ (n/2) + 1 then
 
 
n
n
− t(n, k − 1) ≤ f (n, k) ≤
− t(n, k − 1) + (k − 1).
2
2

Proof. Suppose H is a 3-uniform directed hypergraph with all k-tuples good. Then every kelement set S of vertices must contain at least one body of a hyperarc in H, otherwise forward
chaining started from S cannot mark any vertices. Thus the undirected graph formed by the
bodies in H contains no empty subgraph on k vertices, and the lower bound follows by Turán’s
theorem.
For the upper bound we construct a directed hypergraph based on the complement of
T (n, k − 1) over the vertex set {x1 , . . . , xn }, consisting of k − 1 cliques of size differing by at
most 1. Assume that each clique has size at least 3. In each clique do the following. Pick
a hamiltonian path, direct it, and introduce hyperarcs as in (4.1) (with the exception of the
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last edge closing the cycle). For every other edge (u, v), introduce a hyperarc u, v → w where
w is a vertex on the hamiltonian path that is adjacent to u or v. For each edge e closing a
hamiltonian cycle, add two hyperarcs with body e, and heads the endpoints of the first edge on
the hamiltonian path of the next clique (where ‘next’ assumes an arbitrary cyclic ordering of
the cliques). For cliques of size 2 the single edge in the clique plays the role of the unassigned
edge and the construction is similar.
4.10

Open Problems

We list only a few of the related open problems. As computing hydra numbers is a special
case of Horn minimization, it would be interesting to determine the computational complexity
of computing hydra numbers and recognizing single-headed graphs. What is the maximal hydra
number among connected n-vertex graphs? Can the path cover number of the line graph be
used to get a lower bound for the hydra number of trees?
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